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Abstract 
With the advancement of technology making everything so convenient in these days and ages, autonomous 
system is very interesting area in the innovating technology. One of the advanced booming technologies for the 
improvement of human race is autonomous taxi mobile transportation system. It is working well in a district 
area but it still thrives on making more comfortable. This research will be one point of supporting roles for 
automobile in parallel parking. An autonomous parallel parking of a car-like mobile robot has been developed in 
this study. The ultrasonic range sensors are used to detect the working environments and design an s-shaped 
trajectory between two parallel parked vehicles. One trail maneuver system is used to be moving along the s-
shaped trajectory parking path. The s-shaped trajectory is purely based on the geometric approach path planning 
method. The proposed method is not dependent on the initial pose of the robot but it must be parallel with the 
parking space. Sensor data are used as the main decision part to change the parking states instance of to find the 
parking space and adjust robot orientation. Fuzzy filter is applied to stabilize the sensor data and give a quick 
response input. The working environment is constrained by the wall and sensor arrangement. Visual studio 2013 
is used for the user interface window. The effectiveness of the proposed method is demonstrated through some 
experimental results with a car-like mobile robot. 
Keywords: Parallel parking; Geometric path planning; Car-like mobile robot; S-shaped trajectory; One trail. 
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1. Introduction  
Parking control system has recently attracted considerable attention in the control community. The biggest 
problem people face while driving is not actually driving the car, but parking it. Many researchers have tried to 
find the optimized solution in different ways to alleviate the driver’s parking burden. There are many types of 
parking method: bay parking (90 degree), slide parking (45 or 65 degree), and parallel parking (180 degree). 
Among them, parallel parking is the most difficult parking method even experience driver may cause collision. 
Parallel parking means on a road where cars are parked in front of each other, bumper to bumper, length wise 
and there exists a gap, the car can be parked between it, in parallel [1]. A rule based parallel parking system for 
a prototype mobile robot has been developed in this research. This kind of system is designed to improve 
comfort and security of driving in constrained environments where a lot of attentions and experiences are 
needed to maneuver the vehicle. Since the task of parallel parking requires many repeated maneuvers in a very 
limited space, its nature is different from the normal driving in a huge environment. There are two different 
approaches to solve the parking problem. The first one, the trajectory planning approach, needs a mapping and 
auto-localization algorithms. In addition to this, it generates paths by using the dynamic and kinematics models 
of the vehicle and vehicle constraints. Then, it controls the vehicle velocity and the steering angle to ensure a 
position in the mapped environment [2-6]. On the other hand, the second approach tries to mimic the skills of an 
experienced driver by using Artificial Intelligence techniques such as finite automaton, fuzzy logic (e.g. Zhao 
and Collins Jr [7]) or artificial neural networks (e.g. Jenkins and Yuhas [8]. These methods do not need any path 
planning and their associated tracking control but they are limited to the experience of human experts and not 
easily extended to more general cases [9]. This research deals with the first approach. In real life, when the 
parking space is large enough, human driver usually steers the front wheel to maximum angle for retrieving. 
When the vehicle is retrieved, the driver steers the front wheel to maximum angle again but in reverse direction 
until the car is parallel to the road. The problem of retrieving the vehicle from the parking slot has been solved 
by Lo and his colleagues [10]. Since this procedure is reversible, it can be applied in parallel parking problem. 
This steering scenario forms a simple path composed by two identical minimum circles connected by a tangent 
point. In order to use this path for parallel parking, it is necessary to know the correct position where to begin 
the parking maneuvers in accordance with the initial position of the car. Geometric approach path planning 
method will help to solve this problem. In this approach, parking path will be changed in accordance with the 
initial position of the car; the only constraint is the car must be parallel with parking space. 
1.1. System overview 
The goal is essentially to park the mobile robot between two parallel posture cars for narrow parking space in an 
obstacle free environment. The operation block diagram of the parking procedure is shown in Figure.1. Firstly, 
the robot will move straight forward by calibrating with the wall. In this state, the robot will be working with 
calibration system. Simultaneously, the robot will be searching the parking space. If the robot detects the 
parking space, odometry system is used to measure the length of parking slot. Then, the robot will decide there 
have enough parking space or not by comparing with actual detecting length of the parking space and minimum 
theoretical length of the parking space. The minimum theoretical length of the parking space can get from the 
idea of retrieving the vehicle from the parking slot that can change according to the mobile robot geometry. 
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Sensors cannot measure the exact depth of the space if there is no wall and generally parking is done in a line 
with neighbouring vehicles. Therefore, it can be assumed in the real world that the depth of the space is equal to 
the width of the vehicle. If parking spaces are enough, the robot will take the lateral displacement value with the 
front car and insert in geometric equation. Then, the robot will know where the starting point is to move along 
the s-shaped trajectory parking path. After that, the car will move from the initial position to the starting position. 
Then, the robot will move backward along the two tangential arcs with the maximum right steering angle for the 
first arc and maximum left steering angle for the second arc like the s-shaped trajectory parking path. After 
moving this maneuver, the parking procedure is finished. 
Searching the parking space
Enough 
parking 
space
Take position at the start 
point
Yes
No
Moving along the s-shape 
trajectory
End
Moving straight forward by 
calibrating with the wall
Start
State 0
State 1&2
State 3
State 4
Calibration
Odometry
Geometric path planning
 
Figure 1: Operation block 
2. Mobile robot design and sensor arrangement  
2.1. Mobile robot design 
In this research, mobile robot model is like a car which has four wheels. Two wheels in the rear are connected 
with one shaft and DC motor is used to drive this shaft. Optical encoder is fixed with the shaft to know and 
control the robot movement. Two steer wheels are connected like a link with a servo motor. Steering angle will 
become according to the servo motor rotation. Robot chassis is made with Formica to be light the robot’s body. 
The robot’s frame is designed with Auto CAD software and cut with the laser cutter to reduce the mechanical 
damping. The prototype model of the car used in this research is 1:10 scale of MARK II. The design of mobile 
robot and its parameters are shown in Figure.2. 
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Figure 2: Prototype design and parameter 
2.2. Sensor arrangement 
The two HC-SR04 ultrasonic sensors are used in this research. Each one is fixed at the right side of the robot 
above the rear and front wheels’ axle. It transmits sound wave like a V-shape in every 10µs and collect 
reflection wave duration to calculate the measuring distance.  
According to the sensors arrangement, there has a constraint on a measuring distance shown in Figure.3. The 
best data collection angle for sensor is 15 (degree). The two sensor data will be confused in one point because 
these are fixed parallel in one side. From this constraint, the parking robot will be working well in 60.69 (cm). 
 
Figure 3: Sensor arrangement in prototype design and noisy free distance 
There still has another problem with ultrasonic sensor. It works well in flat surface. If the detection surface is 
not flat, the reflection wave can be confused and the correct data cannot get.  The other weak point is sensor data 
that are not stable even in a flat surface. From these facts, ultrasonic sensor is not suitable in a precision case. 
However, in this research it was used for the facts of cheaper and easy to get. These errors can be corrected by 
using filter such as average filter and fuzzy filter. Experimental test can validate these facts with fuzzy filter 
shown in Figure.4. 
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Figure 4: Filtering with fuzzy logic and constraint detecting distance 
Fuzzy filter is more suitable than the average filter for this research. Average filter makes long programming 
time based on the number of sample data and it cannot get quick response. Fuzzy filter can get quick response 
on data and it is shown in equation (1). The sum of coefficient value must be ‘1’. To be quick response relied on 
income data, the coefficient of income data should be greater than the coefficient of old data. According to the 
chart, it can be seen that sharp noise can be stable with filter. Unstable condition is occurred during 27 to 38 
seconds because the sensor detecting distance is over the constraint distance. 
Data_update = (income data*x) + (old data*y)               (1) 
3. Path planning 
3.1. One trail maneuver system 
Parallel parking in one trail maneuver is used in this research. It means that the car can be retrieved without 
reversing the longitudinal velocity then the car can be parked without velocity sign changes too [11-13]. 
According to this maneuver, tangent point is the ways to change the steering angle from maximum left to 
maximum right. S-shape trajectory is formed by the combination of two circular arcs connected by a tangent 
point. The forming of s-shape trajectory in one trail maneuver system is shown in Figure.5. 
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Figure 5: Parallel parking in s-shape trajectory 
3.2. Calculation of the Longitudinal Starting Position and Turning Position in Accordance with the Initial 
Lateral Position 
When the parking procedure is started, the robot moves in the vicinity of the parking space and takes position 
parallel with the front car.  At the same time, the robot will measure the size of the parking space and lateral 
displacement ∆𝑦𝑦  offset from the front car. If longitudinal starting position 𝑥𝑥𝑠𝑠  and turning position 𝑃𝑃𝑡𝑡  in 
accordance with ∆𝑦𝑦 can be directly computed, the robot will be successfully parked along the s-shape trajectory. 
Figure.6 is shown geometrical information diagram for finding longitudinal starting position 𝑥𝑥𝑠𝑠  and turning 
point 𝑃𝑃𝑡𝑡. 
 
Figure 6: Geometrical calculation of initial position to starting position 
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Firstly, the robot will move longitudinally 𝑥𝑥𝑖𝑖 to 𝑥𝑥𝑠𝑠 and then started steer maximum to the right while moving 
back to the 𝑃𝑃𝑡𝑡 . Then counter-steer will be turned to the left and the robot will enter into the parking slot. In this 
section, analytical calculation is developed for these relationships.  
In this research, the path planning strategy is come from final position to the starting position of the parking 
procedure. The final position of the robot is equal to the  𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚 − 𝑝𝑝 . The ICR of  𝐶𝐶1(𝑥𝑥𝑓𝑓 ,𝑦𝑦𝑓𝑓)  is always 
perpendicular to the final position of the parking maneuver with a distance of 𝑅𝑅𝑖𝑖 + 𝑤𝑤/2  and defined this 
distance with radius 𝑅𝑅� . The origin of coordinate (0, 0) is denoted at𝐶𝐶1(𝑥𝑥𝑓𝑓 ,𝑦𝑦𝑓𝑓). Similarly, the ICR of 𝐶𝐶2 is always 
perpendicular to the starting position of parking maneuver (𝑥𝑥𝑠𝑠, 𝑦𝑦𝑠𝑠) with a distance of 𝑅𝑅� . Each radius of these two 
circles is the same and their arcs are tangentially connected. The circle of center  𝐶𝐶1 is always in a fixed position 
at the end of the maneuver and the circle of center 𝐶𝐶2 is moving tangentially connected along the arc of 𝐶𝐶1 in 
accordance with the lateral displacement ∆𝑦𝑦 shown in Figure.6. It seems like center 𝐶𝐶2 is moving on the arc of 
radius  2 ×  𝑅𝑅�  with center 𝐶𝐶1. The initial position of the car can be calculated as follow: 
 𝑥𝑥𝑖𝑖 = 𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚 − 𝑝𝑝 + ∆𝑥𝑥                 (2) 
 𝑦𝑦𝑖𝑖 = �𝑅𝑅� + 𝑤𝑤2� + [𝑅𝑅� − �∆𝑦𝑦 + 𝑤𝑤 + 𝑤𝑤2�                (3) 
The radius of initial position with the center of 𝐶𝐶1 can be calculated by using circular equation: 
𝑥𝑥𝑖𝑖
2 + 𝑦𝑦𝑖𝑖2 = 𝑟𝑟𝑖𝑖2                  (4) 
The initial position and starting position of lateral displacement are the same: 
𝑦𝑦𝑖𝑖 = 𝑦𝑦𝑠𝑠                  (5) 
The radius of starting position with the center 𝐶𝐶1 is 
𝑟𝑟𝑠𝑠  = 2 × 𝑅𝑅�                   (6) 
Now, the longitudinal starting position  𝑥𝑥𝑠𝑠can be calculated by subtracting the circular equation: 
−
𝑥𝑥𝑠𝑠
2 + 𝑦𝑦𝑠𝑠2 = 𝑟𝑟𝑠𝑠2
𝑥𝑥𝑖𝑖
2 + 𝑦𝑦𝑖𝑖2 = 𝑟𝑟𝑖𝑖2
𝑥𝑥𝑠𝑠2 − 𝑥𝑥𝑖𝑖
2 = 𝑟𝑟𝑠𝑠2 − 𝑟𝑟𝑖𝑖2                    𝑥𝑥𝑠𝑠2 = 𝑟𝑟𝑠𝑠2 − 𝑟𝑟𝑖𝑖2 + 𝑥𝑥𝑖𝑖2                        
 
                     𝑟𝑟𝑠𝑠  = 2 × 𝑅𝑅�                  (7) 
Now, the point  𝑃𝑃𝑡𝑡(𝑥𝑥𝑡𝑡 ,𝑦𝑦𝑡𝑡) can be calculated that is where the vehicle counter-steers.  
𝑦𝑦𝑡𝑡 = 𝑦𝑦𝑠𝑠2                    (8) 
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𝑥𝑥𝑡𝑡 = 𝑥𝑥𝑠𝑠2                    (9) 
The central angle can be calculated from the two circles’ tangent point easily.  
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶𝑎𝑎𝐶𝐶𝐶𝐶 =  𝑠𝑠𝑠𝑠𝐶𝐶−1 �𝑥𝑥𝑡𝑡
𝑅𝑅
�   (𝐷𝐷𝐶𝐶𝑎𝑎𝑟𝑟𝐶𝐶𝐶𝐶)             (10) 
The arc length is calculated for the robot to be followed the s-shape path. 
Arc length = 𝑅𝑅 × �𝑐𝑐𝐶𝐶𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶𝑎𝑎𝐶𝐶𝐶𝐶 × 180
𝜋𝜋
�          (11) 
3.3. Safety path 
Significant and practical keys issues in motion planning are safety and optimality. Firstly, predefined collision 
free path must be considered based on the geometry of the vehicle. The test of the robot maneuver is in an 
obstacle free indoor environment. Front and rear parallel posture cars are only needed to count for the 
probability of collision.  According to the path planning in section B, it can be seen that the robot will be parked 
along the yellow colour s-shaped path and the red circle is the front bumper moving path. The front bumper of 
the robot has high probability of collision with the front car rear bumper shown in Figure.7. ∆𝑠𝑠 is the distance to 
move from initial point to the starting point and the parking maneuver will start at this point. The changing of 
starting point will act on the parking path. The parking path can be moved by subtracting some distance d from 
the ∆𝑠𝑠. Finally, the green circle bumper collision free path is got from moving the yellow colour s-shaped path 
to the purple colour s-shaped path. 
 
Figure 7: Geometrical calculation of initial position to starting position 
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4. Minimum and maximum lateral distance 
Lateral distance means the amount of space between the parking robot and the second car parallel offset. The s-
shape trajectory parking path can be changed based on the lateral distance. The larger the lateral distance is, the 
longer the parking path follows. The geometrical calculations of minimum and maximum lateral distance are 
shown in Figure 8 and 10. 
4.1. Minimum lateral distance 
 
Figure 8: Parking with minimum lateral distance 
Circular equation; 
(𝑥𝑥 − ℎ)2 + (𝑦𝑦 − 𝑘𝑘)2 = 𝑟𝑟2                  (12) 
Center of coordinate 𝐶𝐶𝑓𝑓 (0,0) is used as origin. The red circle is for the second circle moving center point to be 
tangentially connected with the violet circle. 
(𝑥𝑥 − 0)2 + (𝑦𝑦 − 0)2 = 𝑟𝑟𝑠𝑠2                  (13) 
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To avoid collision with the second car, the parking robot rear moving path and its circular equation is: 
ℎ = 𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚 − 𝑃𝑃1 
𝑘𝑘 = 𝑅𝑅𝑖𝑖 
(𝑥𝑥 − ℎ)2 + (𝑦𝑦 − 𝑘𝑘)2 = 𝑟𝑟𝑠𝑠2                  (14) 
By solving equations (13) and (14), it can be got two tangent points (x1, y1) and (x2, y2). The larger x and smaller 
y as (xs, ys) will be defined as C2 center point. And then, the minimum lateral distance can be calculated. 
 
Figure 9: Finding the minimum lateral distance 
𝑑𝑑 = �𝑅𝑅𝑖𝑖2 − (𝑥𝑥𝑠𝑠 − (𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚 − 𝑃𝑃1))2                  (15) 
∆𝑦𝑦𝑚𝑚𝑖𝑖𝑚𝑚 = 𝑅𝑅𝑖𝑖 − 𝑑𝑑                         (16) 
4.2. Maximum lateral distance 
 
Figure 10: Parking with maximum lateral distance 
∆𝑦𝑦𝑚𝑚𝑚𝑚𝑥𝑥 = 2𝑅𝑅𝑖𝑖                  (17) 
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5. Working environment and parking algorithm 
5.1. Working environment 
In this research, the parking will be done in a known environment. It is assumed that there has a wall that is right 
side of the parking robot and there have a gap between the robot and the wall. The gap distance is constraint on 
two ultrasonic sensors working area. It has explained in section III. According to the prototype design and 
sensor constraint area, the maximum gap length is 60.69 (cm) and the two front and rear parked cars can be 
located in this range. It was also needed to count minimum detecting length (2cm) of ultrasonic sensor.  
Therefore, the maximum located length is (60.96cm-2cm) and the minimum located length can be 
approximately zero. For the parking robot, the minimum offset from the wall must be at least its width when the 
parked cars are located at the minimum offset. For the parking robot, left side of the two parked car should be 
approximately marginally parallel. The predefined working environment and the whole parking procedure are 
shown in Figure. 11.  
 
Figure 11: Predefined working environment and parking procedure 
5.2. Parking algorithm 
There are five states in the overall parking procedure. The changing of each state depends on the sensor data 
differences. The two ultrasonic sensors are fixed at the right side of the robot and it was defined front one is U1 
and rear one is U2. The detail procedure can be well known from the program flow chart shown in Figure. 12. 
U12 difference = U1 update - U2 update; 
U1 difference = U1 update - U1 old; 
U2 difference = U2 update - U2 old; 
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Figure 12: Program flow chart 
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State 0: Firstly, the robot will be moving straight forward   along the wall relying on the sensors difference 
calibration. The steering angle will adjust based on the front and rear sensor data differences.  Calibration 
system is used in this state. 90 degree is the fixed standard steering angle for the straight ahead and the 
coefficient 1.5 is calculated from the relation of steering angle and sensor difference. 
If (U12 difference>1); the robot is heading to the left, change steering angle to the right {90-(1.5*U23 
difference)} 
If (U12 difference<-1); the robot is heading to the right, change steering angle to the left {90+(1.5*U23 
difference)} 
State 1: In this state, the parking robot detects the first car and starts counting the first car length. It is assumed 
that the robot is moving straight, so calibrate state will be off and robot is moving with fixed steering angle. 
    If (U12 difference<-w && state==0) state=1;  
State 2: Robot detects the end of first car and starts counting the parking length. And then, the robot will make 
decision parking or not. There have also calibration in state 2 based on the parking length. Firstly, U1 difference 
will be greater than the parking car width. It was assumed the parking robot is over the first car. If U1 difference 
less than again the parking car width before U2 difference greater than the parking car width, the robot will 
decide there has no enough parking space and go to state 0. If the rear sensor U2 is over the first car and the front 
sensor U1 is still in the parking space at that time calibration will be making. The robot will decide again make 
parking or not when the front sensor U1 detect the second car at that time calibration will be off. There has 
enough parking space or not which can be known by comparing actual detected length of the parking space and 
minimum length of the parking space. If the actual parking length is greater than the minimum parking length 
the robot will make parking. If not, the robot will find the next parking space and go to state 0. 
    If (U1 difference>w && state==1) state=2;  
    If (U1 difference>w && U2 difference>w) Calibrate on; 
   If (actual parking length < minimum parking length) not parking 
   If (actual parking length > minimum parking length) make parking 
State 3: The car will stop when the rear sensor detected the second car. Simultaneously, the lateral displacement 
value (delta y) can get from the U2 update. Starting position, central angle, tangent point and arc length can be 
calculated from the geometric equations by inserting the lateral displacement value. And then, the robot will 
move toward the starting position.  
If (U2 difference < -w && state==2) state=3; 
State 4: S-shape path is formed by two identical circle tangentially connected and it can be divided into two arc 
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length. Firstly, the robot will move backward along the s-shape path with maximum right steering angle until the 
robot reaches the tangent point. After that, the robot will turn the maximum left steer again and move along the 
second arc. Then the parking will be finished. 
6. Interfacing system 
Visual studio 2013 is used for the user interface window. The purpose of using interface is to test the parking 
algorithm and to know the operating sequence in detail. The prototype model can also be controlled by interface 
window. There have four interface windows in user interface and all the windows are connected with a cascade 
system. 
Car parameter window can be seen in Figure.13. In this window, it can be defined as steering angle, safety 
region and the parameters of prototype model. Different model can also be saved in this window for the purpose 
of easy usage. Connect button is used to interface with the prototype model and interface window. After the 
parameters has defined, the confirm button is used to change the next window. 
 
Figure 13: Car parameter window 
The second window is main panel window shown in Figure.14. According to the operation sequences, each state 
and its description are described at the top of the window text box. Front and rear sensors data are described at 
the right side of the model picture. The other important data are also described in this window. The start button 
is used to start the operation. Real time graph window and reference path data window can be changed from this 
window. 
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Figure 14: Main panel window 
In real time graph window, all the operating data are drawing with real time shown in Figure.15. The changing 
of steering angle, car movement, state and distance can be well known from this window. All the charts are 
working at the same time and linking each other. 
 
Figure 15: Real time graph window 
Localization and coordinate data are described in this path data window shown in Figure.16. The data in each 
text box is coming from the geometric path planning equations. The blank text boxes can calculate data after 
knowing the lateral distance value. 
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Figure 16: Path data window 
7. Experimental result 
In this section, experimental result of parking procedure is presented step by step shown in Figure. 17. Firstly, 
the robot is finding the parking space by using ultrasonic sensors as shown in Figure.17(a).  If the length of the 
parking space is not large enough, the robot will not be parked. 
 
(a)                                                         (b) 
 
(c)                                                        (d) 
 
(e) 
Figure 17: Experimental test for overall parking procedure 
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When the robot gets the minimum parking space, the robot will move from initial parallel position to the starting 
position according to the lateral distance. In Figure.17(b), the robot stops at the initial position. 
Figure.17(c) shows the robot which is entering to the parking slot with maximum right steering. Firstly, the 
servo motor rotates to become maximum right steering and then DC motor will rotate the rear shaft with 
constant speed until the counter steering point. 
In Figure.17(d), when the robot reaches at the counter steering point, the servo motor will rotate again to 
become maximum left steering and the robot will move back to the final point. While the steering angle is 
changing, the linear velocity will be zero. 
The robot stops at the end of the second parking length as shown in Figure.17(e). After that, the robot will be 
parallel with the two parked cars. 
 
Figure 18: Testing of overall parking procedure 
The experimental result is validated with the Visual Basic Simulink shown in Figure.18. According to the 
overall parking chart, it can be seen that the parking is done three times in 50s. The function of each chart is 
operated at the same time and related to each other. It can be known that doing parking is obviously seen from 
steering angle chart and state chart. In steer angle chart, the rectangular wave means the robot is moving along 
the s-shape path. The value of ultrasonic 1 and 2 differences is used as the input for the changing of parking 
state. The steering angle will also be variable with this difference in calibration state. Robot movement is 
decided whether the parking space is enough or not in state 2. If the parking spaces are not enough, the robot 
will be finding the next parking space. 
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8. Conclusion 
An autonomous parallel parking of a car-like mobile robot based on geometric approach path planning method 
has been presented in this paper. The experimental results confirmed our system is effective and feasible for 
parallel parking problem. The s-shaped trajectory based on the geometric path planning was designed by using 
the sensor measurement of the known working environment. The noisy sensor data were reduced and the quick 
response inputs were given by using the fuzzy filter. According to the result, our approach was able to park in a 
narrow parking space without collision. 
9. Recommendations 
In this research, parallel parking problem has been solved well with the prototype model but there have 
constraints and limitations. Steering angle can be variable to maximum 20 degree according to the mechanical 
design of the mobile robot for the parking. The working environment should be obstacle free indoor 
environment. The maximum offset between the wall and the robot is 60.69cm based on the sensor arrangement. 
The initial pose of the robot must be parallel with parking space and the position of parking environment has to 
parallel parking pattern. 
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